ABSTRACT. The diophantine equation x3 _ 3xy2 _y3 = ?3no 17 n l9n2 is completely solved as follows. First, a large upper bound for the variables is obtained from the theory of linear forms in p-adic and real logarithms of algebraic numbers. Then this bound is reduced to a manageable size by p-adic and real computational diophantine approximation, based on the L3-algorithm. Finally the complete list of solutions is found in a sieving process. The method is in principle applicable to any Thue-Mahler equation, as the authors will show in a forthcoming paper.
INTRODUCTION Let f(X, Y) E Z[X, Y] be a binary
In this paper we work out a paradigmatic example of determining all the solutions of a specific Thue-Mahler equation. In this way we hope to convince the reader that it is possible to solve any Thue-Mahler equation, not only in principle, but also in practice. We use the (real and p-adic) theory of linear forms in logarithms of algebraic numbers, for obtaining explicit but very large upper bounds for the unknowns. Then we reduce these bounds considerably by a combination of real and p-adic computational diophantine approximation techniques based on the L 3-algorithm for reducing bases of lattices. For a survey of such techniques and examples, see [7] , and for an outline of the general method for solving Thue-Mahler equations, see [6] . In a forthcoming publication we intend to give a general and detailed treatment, such as we did for the Thue equation (cf. [4] ). Since the present paper is more or less a sequel to [4] , we keep the same numbering of the constants cl, C2 ....
From now on we concentrate on the following example. Let f(x, y) = x -3xy -y . We study the equation ( 
)
f(x, y) = 3n 017n 119n2 in x,y E Z, no, n1, n2 E Z>0 with (xy) = 1. Note that 3, 17, and 19 are the only primes below 20 that occur as prime factors of f(x, y) for x, y E Z with (x, y) = 1. We were motivated to choose this Thue-Mahler equation as a paradigmatic example by the following facts: the cubic field generated by the roots of f (x, 1) = 0 is totally real, so that there are two fundamental units; this field is a Galois field and has class number 1, which saves us from some trouble; the number of primes pi is larger than one; and there are interestingly large solutions (the only other example of a Thue-Mahler equation that has been treated before by (a variant of) the method of this paper, involved only one fundamental unit and one prime (cf. [ 1]) ).
Consider the transformation T(x, y) = (y, -(x + y)).
It is straightforward to check that T2(x, y) = (-(x + y), x), T3 = id, f(X, y) = f(T(X, y)).
Thus, every solution of (1) belongs to a class of six solutions:
{+(x, y), +T(x, y), T2(x, y)}.
These six solutions are distinct, and there is just one among them, (x, y) say, with x > 0, y > 0. 
THE CUBIC

THE S-UNIT EQUATION
We now return to equation ( Note that qi has disappeared, but no still occurs.
BOUNDING THE P-ADIC ORDERS
Now we work p-adically with a conveniently chosen prime ideal P over p, where p e {17, 19}. For p = 17 we take P = P17 = (7),and for p =19 
UPPER BOUNDS FOR ALL THE VARIABLES
Inequality (10) will play an important role in computing an upper bound for H, a task which we undertake in this section. First we need the following lemma. On the other hand, by (13) and (10), on noting that c'7 < c7 and c18 < c8, we get the same for Case 2. Finally, (10) implies that N < c19 + C20 log H, and therefore in both 14) ), we see that in any case (19) is true.
Comparing this upper bound with that for Cases 1 and 2 (cf. (
REAL AND P-ADIC LINEAR FORMS IN LOGARITHMS
In the forthcoming sections we show how the upper bound for H given in (19) can be reduced. First we transform equations (8) and (9) into equations involving linear forms in p-adic logarithms of numbers that are algebraic over Qp, with p = 17 and 19, respectively. We need a simple general lemma.
Lemma 2. Ifz 7Zp, ordp(z-1) > 1, and k EN with p k, then ordp(zk -1) = ordp(z -1).
The proof is an easy exercise, which we leave to the reader. We will also make use of the following Table 1 .   TABLE 1 The solutions of equation (1) no n1 n2 ?(X, y)
In Table 1 The results included in these papers improve on the results for c7 and c13, respectively, and thus would have given an upper bound for H that is considerably better than (19), although it still would have been very large. This would not have implied anything for our method, but it would have considerably reduced the computation time.
